A new operating mode in experiments searching for free neutron-antineutron oscillations based on coherent neutron and antineutron mirror reflections An observation of neutron-antineutron oscillations (n−n), which violate both B and B −L conservation, would constitute a scientific discovery of fundamental importance to physics and cosmology. A stringent upper bound on its transition rate would make an important contribution to our understanding of the baryon asymmetry of the universe by eliminating the post-sphaleron baryogenesis scenario in the light quark sector. We show that one can design an experiment using slow neutrons that in principle can reach the required sensitivity of τn−n ∼ 10 10 s in the oscillation time, an improvement of ∼ 10 4 in the oscillation probability relative to the existing limit for free neutrons. This can be achieved by allowing both the neutron and antineutron components of the developing superposition state to coherently reflect from mirrors. We present a quantitative analysis of this scenario and show that, for sufficiently small transverse momenta of n/n and for certain choices of nuclei for the n/n guide material, the relative phase shift of the n andn components upon reflection and then annihilation rate can be small.
still grows quadratically with t for short enough observation times. The other channel searches for n −n oscillations of the neutrons bound in nuclei, where the rate is suppressed by a very large ∆E [9, [65] [66] [67] [68] [69] [70] . Still, the very large number of neutrons, which can be observed in large volume of low-background underground detectors makes this the most sensitive search mode at present. However, the interpretation of the results depends somewhat on models of n annihilation in nuclei and on models of the branching ratios for the many different reaction products from then annihilation. Also, this process is not physically equivalent to free n oscillations since there are additional ∆B = 2 processes which can happen inside a nucleus but not for a free n. Therefore, the bounds from these two processes should be treated as complementary.
We propose and analyze a new version of n −n experiment: an (almost) free neutron oscillation search in which we allow slow n/n to reflect from n/n optical mirrors. Although reflection of UCNs from trap walls was considered already in 1980 [8, 12, 82, 83] for experiments constraining τ n−n , we extend this approach to much higher energy, point out conditions for suppressing the phase difference for n andn at reflection and underline the importance of setting low transverse momenta of n/n and making certain choices for the nuclei composing the guide material. We show that, over a broad fraction of phase space acceptance of a n/n guide, the probability of coherent reflection of n/n from the guide walls can be quite high, the relative phase shift between n andn can be quite small, and the theoretical uncertainties in the calculation of the experimental sensitivity are small. We show that such an experimental mode can relax some of the constraints on free n oscillation searches and in principle allows us to achieve a much higher sensitivity compared to approaches in which reflections of then component of the amplitude are not allowed. This approach preserves both the very low backgrounds that have been achieved in free n oscillation searches and the ability to confirm a nonzero signal by the application of a small external magnetic field which further splits the n and n states by ∆E = 2µB. However, it does not require the same level of detail in the understanding of then dynamics and the subsequent annihilation products needed to interpret the underground detectorn annihilation experiments.
A general expression for the n −n oscillation probability [71] resembles the well known equation for the neutral kaon oscillations. For any practical observation time, e −Γ β t ≈ 1 (Γ β is the n β-decay width) and ωt ≪ 1 (ω is the oscillation frequency). Thus, it reduces to P n→n (t) ≈ ε 2 e − Γα t 2 t 2 , where Γ α is then annihilation width, ε = E n − En, E n and En are the energies of the n andn. Therefore, for the optimum observation time t 0 = 4/Γ α , the corresponding maximum n −n oscillation probability is
Neglecting annihilation, it would reduce to the quasifree limit expression P n→n ≈ (t/τ n→n ) 2 , where τ n→n = 1/|ε| (for natural unitsh = c = 1) is the oscillation time. As a few annihilation events suffice for a positive signal for the very low backgrounds that can be reached, the experimental figure of merit is F ≈ N t 2 with the total number N of n. The best constraint on τ n→n using free n used an intense cold neutron beam at the Institute Laue-Langevin (ILL) [72] with some techniques developed in earlier experiments [73, 74] . An ambitious project at a projected fundamental physics beamline at the European Spallation Source (ESS) [75] proposes an analogous scheme with advanced parameters to increase the sensitivity by a factor of G ≈ 10 2 − 10 3 . It would require a large solid angle of neutron extraction from the ESS source. We argue that the sensitivity can be improved if one allows the reflection of n/n from n/n guide walls. This can increase the observation time t and also improve the counting statistics. Some literature on the subject gives the incorrect impression that the coherence of the n/n amplitude is always destroyed upon contact with matter. This is not true for a coherent neutron reflection from a surface. As long as the n is not "observed" (annihilated) and the phase difference between the n andn components of the amplitude upon reflection is small enough, the sensitivity for then component continues to grow with time just as it does in the quasifree limit. We give a formalism and estimations for an experiment at PF1B beam [76] at ILL as an example. Greater sensitivity could be achieved at other neutron sources/guides. A combined design including the extraction of neutrons through a large solid angle as projected in [75] could lead to additional improvements. To estimate the sensitivity for different configuration and neutron sources, one can use standard neutron optical calculations with the formalism developed in this paper.
Soon after the discovery of the neutron [77] , Enrico Fermi introduced a point-like n-nuclear (nA) pseudo-potential [78] for description of coherent scattering of slow neutrons: U ( r) = ((2πh 2 )/m)b nA δ (r), with m the reduced neutron mass and b nA the complex scattering length. Then the interaction of n with matter can be described using formal perturbation theory with complex optical (Fermi) potential U (r) = ((2πh 2 )/m)(ρ/µ)b nA , with ρ the mass density of material and µ the atomic mass. The potential U (r) for composite materials is simply the weighted sum of potentials from the different nuclei (which were measured with the accuracy of 1% or better). It is well known that a small grazing angle reflection of n from materials with positive potential allows the construction of n guides [79] . This is applied also ton reflections with only difference that Im(U (r)) values are always large due ton annihilation. The important parameters for the analysis of n −n oscillation experiments are the probabilities of n andn reflection per bounce (ρ n and ρn) and the relative phase shift between the n andn wave functions per bounce ∆ϕ nn = ϕ n − ϕn, where ϕ n and ϕn are phase shifts of the wave function inside the bulk for n andn. The parameters ρ n , ρn, ϕ n , ϕn depend on the energy of n/n transverse motion (e n and en) and on the optical potentials of the wall material U n = V n + iW n and Un = Vn + iWn for the n andn, where V n and Vn are real parts, and W n and Wn are the imaginary parts. The reflection probabilities ρ n and ρn are:
with kn the complex momentum ofn inside the wall. For the case of n −n oscillation experiments, we are interested only in specular reflection since its probability can reach ∼ 99.9% even for UCNs [84, 85] , and in n/n with transverse energies e = (k 2 )/(2m) small compared to V n and Vn (e ≪ V n , e ≪ Vn) but comparable to Wn (e ∼ Wn). Also, based on existing theoretical analysis of thenA data for various nuclei, we know that W n ≪ V n , Wn ≪ Vn and W n ≪ Wn. It is remarkable that the reflection probability ρn (2) for the cases of weak (|Vn| ≫ |Wn|), intermediate (|Vn| ∼ |Wn|), and strong (|Vn| ≪ |Wn|) absorptions are close to unity and quite insensitive to the variation in the magnitude of Un. This is consistent with known facts for analogous physical systems where strong losses do not destroy quantum coherence, for example in the reflection of polarized light from a metal mirror. Using these conditions, we can simplify eq. (2) as follows:
, and obtain, in a first order approximation, expressions for 1 − ρn and ∆ϕ nn as:
The low energynA scattering can be described by a scattering length bn A . The similarity betweenp andn lowenergy scattering on nuclei allowed the authors of [86] to suggest the fitting formula for bn A :
where A the atomic number. Im(bp (n)A ) is estimated as ∼ 1f m from the diffusive tail of an effectivenA potential which is rather similar for all nuclei. Re(bp (n)A ) is proportional to the nuclei radius. ThenA interaction is restricted to the nuclear surface and is therefore practically insensitive to the internal structure of the nucleus [86, 87] . There is also non counterpart to compound nA resonances, which greatly complicate the first-principles calculation of b nA . Un is therefore much easier to calculate than U n . The calculated values of scattering lengths, Un potentials and lifetimes ofn on a surface of corresponding materials are presented in Table I [96]. It should be noted that eq. (5) is a good approximation for mean b nA values as noticed in [89] and used in [90] for constraining short-range forces. Moreover, the regular dependence of bn A on nuclei gives the opportunity to choose the composition of materials with equal real parts of U n and Un potentials. For example, the isotopic composition 184 W (87.7%) + 186 W (12.3%) results in U n ∼ Un ∼ 106neV . Consider a ballistic n guide [76] consisting of two following parts. Its cross sectional area s = hd (∼ 10 2 cm 2 ) at the 1 st (upstream) section increases along its length; let h be its height and d its width at the entrance, H its height and D its width at the exit, and l the length. In the 2 nd part, the cross sectional area S = HD (∼ 10 4 cm 2 ) is constant over its length with sizes H and D, and the length L. Since the neutrons, which strike the wall in the extending part see the wall recede in their frame, these collisions lower the transverse components of the neutron velocity. We assume |v hor |, |v vert | < 2v Table I is > 100neV corresponding to critical velocities of > 4m/s. To analyze the problem in the low-energy limit, we assume |v hor | ∼ |v vert | ∼ 1m/s. These two conditions are met, if the guide cross sectional area is expanded by at least the factor of DH dh ∼ 49. For practical arrangements, one would use a few superimposed flat guides and design a guide shape that mixes horizontal and vertical velocities of the neutrons. To account for this option, we reduce the size of D to 1m. Note that the diverging part contributes to the n −n sensitivity provided the n/n incidence angles are small. We select copper as a material for this analysis because Re(bn Cu ) is large, Im(bn Cu ) is relatively small, and because Cu has been successfully used in the past for n mirrors. Another good example is tungsten with an adjusted isotopic composition since it provides longer storage time ofn on the surface.
Because of the importance of gravity, we consider the interactions of n/n with horizontal and vertical walls separately. The frequencies of n/n collisions with horizontal walls and bottom (provided n/n never touch the top) are f hor = |v hor |/D and f vert = g/(2|v vert |). Then lifetimes associated with side-walls and bottom are τ ρ,n hor = 1/(f hor (1 − ρn) ) and τ ρ,n vert = 1/(f vert (1 − ρn)); the annihilation probability is given by eq. (2). A lifetime for the accumulation of a phase shift of 1rad between n andn amplitudes associated with side-wall and bottom collisions are τ ∆ϕ,n hor = 1/(f hor ∆ϕ nn ) and τ ∆ϕ,n vert = 1/(f vert ∆ϕ nn ); the phase shift is given by eq. (4). Thus the accumulation time for a phase difference ∆ϕ nn of 1rad due to the side-wall collisions, τ ∆ϕ,n hor , is 32s for Cu and very long for isotopically adjusted 184+186 W . The characteristic accumulation time for a phase difference ∆ϕ nn of 1rad due to bottom collisions,
is 7.3s for Cu and much longer for 184+186 W . For Cu, τ ∆ϕ,n vert ≪ τ ∆ϕ,n hor because of gravity. A proper mixture of materials/ isotopes for the n/n guide walls (as for 184+186 W ) would increase τ ∆ϕ,n vert due to the term (( √ V n − √ Vn) → 0) in the denominator of eq. (6). The annihilation time due to the side-wall collisions, τ ρ,n hor , is 11s for Cu and 15s for 184+186 W . All these time scales are large enough to neglect corresponding processes as sources of the possible incoherence. The annihilation time due the bottom collisions,
is 2.2s for Cu and 3.1s for 184+186 W . Not surprisingly, annihilation ofn in the accumulated reflections from the bottom is the limiting factor; because of the presence of gravity, such collisions cannot be avoided in a horizontal guide. The effect of gravity on n −n experiment became less important when we use a parabolic n/n guide. Then g in eq. (7) is replaced by a smaller g ef f value, and τ ρ,n ver increases. For the maximum effect, the parabolically-curved guide could follow a typical trajectory of a n/n with a mean velocity in the beam. The above estimations neglect the energy corrections that is justified by the weak dependence of τ ρ,n vert on e vert due to the approximate compensation of larger frequency of bounces of n/n by smaller probability ofn annihilation per bounce. Therefore, the n −n experiment sensitivity is essentially defined by one value (eq. (7)) specific for each n −n guide material. This simplification helps also to estimate the impact of uncertainties in bn A values to the experiment sensitivity. As τ ρ,n vert ∼ 1/Wn (eq. (7)), a typical 10 − 20% error in the estimation of Wn gives only a 10 − 20% error in the calculation of τ ρ,n vert . If the observation time is shorter than the optimum value, the impact is even smaller. The impact of uncertainty in the Vn is negligible by comparison.
The above arguments treat n/n motion semiclassically. However, the results coincide with quantum expressions [91, 92] in the low-energy limit. The scattering length of a cold n/n is a = 1/k n,n = 1/ 2m(V n,n + W n,n ) [92] . The effective horizontal momentum of a n/n in a box with a size D is k ≈ πj/(D − 2/k n,n ), where j is quantum number of the box-like state. The horizonal energy levels shift is ∆E hor ≈ 4ε hor a/D = 4ε hor /(Dk n,n ). The vertical energy levels shift is ∆E ver = mga = mg/k n,n [92] . This expression is energy-independent and consistent with the arguments given above. It is easy to show that quantum expressions for the timescales τ ∆ϕ,n hor = 1/ω hor , τ ρ,n hor = 1/Γ a,hor , τ ∆ϕ,n ver = 1/ω ver , τ ρ,n ver = 1/Γ a,ver also coincide with the semiclassical expressions obtained above. The whole analysis in this paper was initiated by the observation that while τ ρ,n vert is short for e n/n close to V n/n [88] , it is longer for smaller energies. However, even the limit of gravitational quantum states [95] does not bring an additional improvement in the observation time as the annihilation time saturates.
The total number of neutrons at PF1 instrument was 3 · 10 18 in the previous free n experiment [72] . The number of n per year at PF1B instrument could be 4-5 times larger. A gain factor due to the increased path could be ∼ 10 2 for t ∼ 1s, and ∼ 10 4 for t ∼ 10s. Any project has to optimize the sensitivity relative to the n/n beam geometry, neutron spectrum, the budget and spatial constrains; such considerations are beyond the scope of this paper. Assuming that detection of a couple of annihilation events in a background-free experiment means the observation of n/n oscillations, one can estimate the overall sensitivity with the following simple formula:
where F the total n flux, and T the experiment duration. For the same F , one prefers a softer n spectrum to decrease the experiment length, thus taking full advantage of this operation mode. The gravitational constraints from wall reflections are obviously no longer relevant for a vertical n/n guide. Consider an upwards-directed fountain of very cold neutrons (VCNs). In this case, the problem is turned into a great advantage: the observation time is long and can include both the rise and the fall. Basing on the estimations given above, annihilation and phase shifts in the guide walls are low and can be neglected, thus providing practically pure quasifree limit conditions. To increase VCN fluxes, one could design a dedicated large-surface VCN source based on fluorinated nano-diamond reflectors [93, 94] . For a typical VCN velocity of ∼ 50m/s, the fountain height is ∼ 125m and the observation time is ∼ 10s. For an estimated flux density of ∼ 10 7 − 10 8 V CN/cm 2 /s, we approach the sensitivity estimated above, however largely gain in the experiment size and decrease the cost.
Finally, we emphasize that recent and future progress in our understanding of thenA optical potential and particularly in quantifying the uncertainties of real and imaginary parts of the optical potential could significantly improve the sensitivity of n−n experiment and lower its cost through better choice of material for the n/n guide also through more precise optimization of this expensive experiment. Both theoretical and experimental efforts in the understanding of n annihilation by nuclei are highly encouraged.
